3.2 — Norm, Dot Product, and Distance in R"

Definition: If v = (v, vy, ..., v,)is avector in R", then the norm of v (also called

its length or magnitude) is denoted by |v]| [by this author], and is defined by the
formula |[v| = \/v} + v3 + ... + v2.

Theorem 3.2.1 Properties of the norm of a vector

If v is a vector in R" and k is any scalar, then:
a) [v| >0

b) [v| = 0 if and only if v =0
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Definition: The norm of a unit vector is 1. We can obtain a un1t vector from

a nonzero vector v by multiplying by the reciprocal of its length. This process is
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#1 Find the norm of v and a unit vector that is oppositely directed to v.
av=1(2 2, 2)
b.v=(1,0,2 1, 3)
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called normalizing the vector.
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Definition: The standard unit Vect[)rs/m R™ are the standard basis vectors for
R e; =(1,0,0,..,0),e=(0,1,0,..,0), ..,e,=(0,0,0, .., 1)
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Definition: If u = (uy, uy, ..., u,) and v = (vy,0,,..., v,) are points in R", then
we denote the distance between u and v by d(u, v) and define it to be
d(u, v) = Ju—v| = (u —01) + (uz = 02) + ..+ (wy — 0,

#4 Evaluate the given expression withu = (2, -2, 3),v = (1, -3, 4),and w =
(3, 6, —4).
a. Ju+v+w
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d. Jul - I+l T

&) T+v+0 = (b) 1, 3) =)0 +5))= 10

b) G=¢ = (,1,-0=>)u-3/= V3

L) U a= ol = 07 - vz
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Definition: Let u and v be nonzero vectors in R" positioned so that their initial

points coincide. The angle between u and v is the angle 6 determined by u and

vsuchthat 0 < 0 < 7. >
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Definition: If u and v are nonzero vectors in R* or R®, and if 0 is the angle be-

tween u and v, then the dot product or Euclidean inner product of u and v is
denoted bi u-vandisdefinedasu-v = |u||v]|cos 0. If u = 0orv =0, then we

defi to be 0. . .
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Definition: If u = (uy, us, ..., u,) and v = (vy,0,, ..., v,) are vectors in R", then

the dot product or Euclidean inner product of u and v is denoted by u- v and
is defined by u - v = uv; + uyvy + ... + u,vy,.
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#10 Findu-v,u-uy,andv-v. RL

au=(11, -2 3),v=(-10,5, 1)

bou=(2, -1, 1,0, -2),v=(1, 2,2, 2, 1)

b) G-V = 2-2+2-2 =0 lal = Jro
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#11 Find the Euclidean distance between u and v_and the cosine of the angle

between those vectors. State whether that angle is acute, obtuse, or 90°.

au=(3,3 3),v=(1,0, 4)
b.u=(0, =2, -1, 1), v = (=3, 2, 4, 4)
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Theorem 3.2.2 Properties of the dot product T/> // T-u< 0
If u, v, and w are vectors in R" and if k is a scalar, then:

a)u-v = V- u(symmetry property)
bu-(v+w)=u-v+u-w(distributive property)

¢) k (u-v) = (ku) - v.(homogeneity property)

d)v-v >0andv:v = 0if and only if v = 0 (positivity property)
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N (T+0)= U-V+ U-ito

Theorem 3.2.3 More properties of the dot product
If u, v, and w are vectors in R" and if k is a scalar, then:
0-v=v-0=0 Ml /5,;2,1'
b(u+v) - w=u-w+v-w To ?{DV‘Q’ At
Ju-(v—-w)=u-v—u-w WM/‘L
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d(u-v) - w=u-w—v-w

e)k(u-v)=u-(kv)



Theorem 3.2.4 Cauchy-Schwarz Inequality

If u = (uy, Uy, ... u,) and v = (vy, vy, ... v,) are vectors in R”, then |u - v| < |uf |v]|
or in terms of components

1 1
|10y + Uy + oo+ Upwnl < (W2 + W+ ) (02 02+ 0E) R
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Theorem 3.2.5 Triangle Inequalities U-v= / / U/// /U{/ Qe’a_{?
If u, v, and w are vectors in R", then: D £ los® = -QJ!;-/ . (
a) Ju + v| < |u| + |v| (triangle inequality for vectors) (al /h/ /

b) d (u, v) < d(u, w) + d(w, v) (triangle inequality for distances)
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